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Basing on two postulates that (i) entanglement is a form
of quantum information corresponding to internal energy (ii)
sending qubits corresponds to work, we show that in the
closed bipartite quantum communication systems the infor-
mation is conserved. We also discuss entanglement-energy
analogy in context of the Gibbs-Hemholtz-like equation con-
necting the entanglement of formation, distillable entangle-
ment and bound entanglement. Then we show that in the




It is astonishing that just lately after over sixteen years
quantum formalizm reveals us new possibilities due to
entanglement processing being a root of new quantum
phenomena such as quantum cryptography with Bell the-
orem [1], quantum dense coding [2], quantum teleporta-
tion [3], quantum computation [4]. It shows how impor-
tant is to recognize not only the structure of the formal-
izm itself but also potential possibilites encoded in it.
In spite of many beautiful experimental and theoreti-
cal results on entanglement there are still diculties in
understanding its many faces. It seems to be a reflection
of basic diculties in the interpretation of quantum for-
malizm as well as quantum-clasical hybridism in our per-
ception of Nature. To overcome the latter the existence
of unitary information eld being a necessary condition
of any communication (or correlation) has been postu-
lated [5]. It rests on the generic information paradigm
according to which the notion of information represents
a basic category and it can be dened independently of
probability itself [6{8,5]. It implies that Nature is un-
broken entity. However, according to double, hylemor-
phic nature of the unitary information eld, there are
two mutually coupled levels of physical reality in Nature:
logical (informational) due to potential eld of alterna-
tives and energetic due the eld of activities (events)
[9]. Then from the point of view of the generic infor-
mation paradigm, quantum formalism is simply a set of
extremely useful informational algorithms describing the
above complementary aspects of the same, really exist-
ing unitary information eld. It leads in a natural way to
analogy between information (entanglement) and energy
being nothing but a reflection of unity of Nature.
Following this route, one attempts to nd some use-
ful analogies in the quantum communication domain.
Namely, physicists believe that there should exist the
laws governing entanglement processing in quantum com-
munication systems, that are analogous to those in ther-
modynamics.
Short history of this view has its origin in the pa-
pers by Bennett et al. who announced a possible irre-
versibility of the entanglement distillation process [10,11].
Popescu and Rohrlich [12] have pointed out analogy be-
tween distillation-formation of pure entangled states and
Carnot cycle, and they have shown that entanglement is
extensive quantity. The authors formulated principle of
entanglement processing analogous to the second princi-
ple of thermodynamics: \Entanglement cannot increase
under local quantum operations and classical communi-
cation". Vedral and Plenio [13] have considered the prin-
ciple in detail and pointed out that there is some (al-
though not complete) analogy between eciency of dis-
tillation and eciency of Carnot cycle. In Refs [14,15]
entanglement-energy analogy has been developed and
conservation of information in closed quantum systems
has been postulated in analogy with the rst principle
of thermodynamics: Entanglement of compound system
does not change under unitary processes on one of the
subsystems [14]. Then an attempt to formulate the coun-
terpart of the second principle in a way consistent with
the above principle has been done (since in the origi-
nal Popescu-Rohrlich formulation entanglement was not
conserved).
The main purpose of the paper is to support
entanglement-energy analogy by demonstration that in
the closed bipartite quantum communication system the
information is conserved. The paper is organised as fol-
lows. In section II we describe closed quantum commu-
nication bipartite system. The next section contains for-
mal description of balance of quantum information in-
volving notions of physical and logical work. In section
IV we introduce the concept of useful logical work in
quantum communication. In next section we present
balance of information in teleportation. In section IV
we discuss entanglement-analogy in the context of the
Gibbs-Hemholtz-like equation connecting entanglement
of formation, distillable entanglement and bound entan-
glement. In the last section we present the balance of
information in the process of distillation.
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II. CLOSED QUANTUM COMMUNICATION
SYSTEM: THE MODEL
Consider closed quantum communication (QC) system
U composite of system S, measuring system M and en-
vironment R
U = S +M +R (1)
where each system is split into Alice and Bob parts
SX ;MX ; RX ; X = A;B.
It is assumed that Alice and Bob can control the sys-
tem SX which does not interact with environment RX .
The MX system consists of mX qubits and cotinuously
interacts with environment RX . In result the system MX
is measured in distinguished basis jx1x2 : : :i, xi = 0; 1
[17].
The operations Alice and Bob can perform are:
 Quantum communication: Alice and Bob can ex-
change particles from the system SX .
 \Classical communication": Alice and Bob can ex-
change particles from the system MX
Note that the number of qubits of the systems SA and
SB can change but the total number of qubits of the
system M is conserved (similarly for S). Besides Alice
and Bob can perform unitary transformation over the
system MX + SX , X = A;B.
III. CONSERVATION OF QUANTUM
INFORMATION: FORMAL DESCRIPTION
To determine balance of information in the closed sys-
tem U we adopt two basic postulates [14,15]
1. Entanglement is a form of quantum information
corresponding to internal energy.
2. Sending qubits corresponds to work.
In accordance with the postulate 1, the information is
physical quantity that, in particular, should be conserved
in closed systems, similarly as energy. The second pos-
tulate allows to deal with communication processes (in
thermodynamics work is a functional of process). To ob-
tain the balance we must dene our \energy" and \work"
quantitatively. Consequently, we consider QC system U ,
being in the initial pure state  in, described by general






;  in; (2)
where HA ⊗H0A, HB are the Hilbert spaces of the SA +
MA + RA and SB + MB + RA respectively. Then the
information contents of the Alice and Bob subsystems
are dened as follows
IA = log dim(HA ⊗HA′)− S(A+A0); (3)
IB = log dimHB − S(B); (4)
where dim(HA ⊗ HA′) and dimHB are the dimensions
the corresponding Hilbert spaces while S(A+A0), S(B)
are the von Neumann entropies of the subsystems.
Now, after transmission of the system A0 to receiver






;  out (5)
and the total sytem U is in the nal state  out.
Now, in accordance with the above \sending qubits
{ work" postulate we consider physical work performed
over the system U being a physical transmission of par-
ticles. Consequently, we dene Wp as a number of sent
qubits of the system A0
Wp = log dimHA′ : (6)
Note that after transmission of the system A0 to the Bob,
there is increase of the information content of his sub-
system. Then we say that the system U performed the
logical work Wl that is dened as increase of the informa-
tional content of the Bob (in general - receiver) system.
Wl = IBout − IBin (7)
where IBin = I
B, IBout = I
B+A′ . Then one can regard
the physical work as sending \matter" while the logical
work { sending \form" that is consistent with the as-
sumed hylemorphic nature of the information eld. Sub-
sequently we can dene initial and nal entanglement of
the system U as
Ein = S(B) = S(A+A0); Eout = S(A) = S(B +A0);
(8)
where obvious relations between the entropies of the sub-
systems hold. Now, in accordace with the rst postalate,
Ein and Eout are simply initial and nal potential infor-
mations contained in the total system. Having so dened
quantities it is not hard to obtain the following informa-
tion balance equations








out + 2Eout = const: (10)
Note that the latter equation is compatible with the prin-
ciple of information conservation expressed in the follow-
ing form (equivalent to the one in the Introduction): For
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a compound quantum system a sum of information con-
tained in the subsystems and information contained in
entanglement is conserved in unitary processes [14].
To see how the above formalism works, consider two
simple examples with ideal quantum transmission. Sup-
pose, Alice sends an unentangled qubit of the system S
to Bob. Then the physical work Wp is equal to 1 qubit.
In result the informational content of Bob’s system in-
creases by 1, thus also the logical work Wl amounts to
one qubit. Of course, in this case both \in" and \out"
entanglement are 0.
Suppose now that Alice sends maximally entangled
qubit to Bob. Here, again, physical work is 1 qubit, and
there is no initial entanglement. However the nal en-
tanglement is one ebit and logical work is 0, because the
state of the Bob system is now completely mixed.
Now we see that, according to the balance equation (9)
the dierence Wp −Wl between the physical and logical
work is due to entanglement. Indeed, as in the above
example, sending particle may result in increase of en-
tanglement rather than performing nonzero logical work.
IV. USEFUL LOGICAL WORK: QUANTUM
COMMUNICATION
The basic question arises in the context of quantum
communication. Does the balance (9) distinguish be-
tween quantum and \classical" communication in our
model? It follows from denition that the physical work
does not distinguish between these types of communica-
tion. But what about logical work? Suppose that Alice
sent to Bob a particle of the system MA in a pure state
j0i. But in our model such state does not undergo deco-
herence. Then the logical work Wl is equal to one qubit.
Needless to say it is not quantum communication. Hence
the logical work is not \useful" in this case.
In quantum communication we are usually interested
in sending faithfully any superpositions without decoher-
ence. Therefore it is convenient to introduce the notion
of useful logical work as follows.
Denition. Useful work is amount of qubits of the
system S transmitted without decoherence
Wu = log dimH; (11)
where H is the Hilbert space transmitted asymptoti-
cally faithfully. The latter means that any state of this
space would be transmitted with asymptotically perfect
delity. We see that the work performed in previous ex-
ample was not useful, since in result of the process, only
the states j0i or j1i can be transmitted faithfully.
V. BALANCE OF INFORMATION IN
TELEPORTATION
To see how the above formalism works, consider the
balance of quantum information in teleportation [3] [18].
Now the system SA consists of a particle in unkown state
and one particle from maximally entangled pair, whereas
the second particle from the pair represents SB system.
The system MA consists of two qubits that interact with





















FIG. 1. The model of quantum communication system
The latter is only to ensure eective irreversibility of
the measurement and it is demonstrable that its action is
irrelevant to the information balance in the case of tele-
portation. As one knows, the initial state can be written
in the following form





⊗ j00iMA ; (12)
where  unknownS′
A
is the state to be teleported,  singletS′′
A
SB
is the singlet state of entangled pair and j00iMA is the
initial state of the measuring system. It is easy to check
that the initial entanglement Ein of the initial state is
equal to one e−bit. Now Alice performs \measurement"
begin local unitary transformation on her joint system










⊗  i(unknown)B ⊗ jiiMA ; (13)
where  iSA;SA′′ constitute Bell basis,  
i(unknown)
B is ro-
tated  unknownSA , jiiMA is the state of the system MA in-
dicating the result of the measurement (i-th Bell state
obtained). Since the Alice’s operation is unitary one, it
does not change initial asymptotic entanglement. Subse-
quently, Alice sends the two particles of the system MA
to Bob. In accordance with denition (6), it corresponds
to two qubits Wp = 2 of work performed over the system.











⊗  i(unknown)B ⊗ jiiMB : (14)
Finally Bob decouples the system SB from other ones by
unitary transformation that of course does not change
the asymptotic entanglement.
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After classical communication from Alice entangle-
ment of the total system increased to the value Eout = 2
e-bits. On the other hand, the logical work performed
by the system in the above process amounts to Wu = 1.
One can see the balance equation (9) is satised, and is
of the following form
(Ein = 1) + (Wp = 2) = (Eout = 2) + (Wu = 1) (15)
One easily recoginzes the result of the logical work in
the transmission of the unknown state to Bob. Since it
is faithfully transmitted independently of its particular
form, we obtain that also useful logical work Wu is equal
to 1 qubit. Hence in the process of teleportation all the





So far we have considered balance of information in
closed QC system. For open system (being, in gen-
eral, in mixed state) the situation is much more com-
plicated being a reflection of fundamental irreversibility
in the asymptotic mixed state entanglement processing
[10,11,19,20]. Namely it has been shown [19] there is
a discontinuity in the structure of noisy entanglement.
It appeared that there are at least two quantitively dif-
ferent types of entanglement: free - useful for quantum
communication, and bound - nondistillable, very weak
and peculiar type of entanglement. In accordance with
entanglement-energy analogy this new type of entangle-
ment was dened by equality
EF = Ebound + ED; (16)
where EF and ED are asymptotic entanglement of forma-
tion [15,16] and distillable entanglement [22] respectively.
Note that for pure entangled states jΨihΨj we have al-
ways EF = ED, Ebound = 0 [11]. Then, in this case
the whole entanglement can be converted into the use-
ful quantum work (see Fig. 2a) with E  EF (jΨihΨj)).
For bound entangled mixed states we have ED = 0,
EF = Ebound. It is quite likely that EF > 0 (so far
we know only that Ef > 0 [21]) Here Ef is entanglement
of formation dened in Ref. [22]. and then all prior non-
trivial entanglement of formation would be completely
lost. Thus in any process involving only separable or
bound entangled states useful quantum work is just zero.
In general, hovewer, it can happen that the state con-
tains two dierent types of entanglement. Namely there
are cases where Ebound is strictly positive i. e. we have
[20,23]
Ebound = EF − ED > 0: (17)
This reveals fundamental irreversibility in the domain of
quantum asymptotic information processing. It can be
viewed as an analogue to irreversible thermodynamical
processes where only the free energy (which is not equal
to the total energy) can be converted to useful work. This
supports the view [15] according to which the equation
(16) can be regarded as quantum information counter-
part of the thermodynamical Gibbs-Hemholtz equation
U = F + TS where quantities EF , ED, Ebound corre-
spond to internal energy U , free energy F and bound
energy TS respectively (T and S are the temperature
and the entropy of the system).
The above entanglement-energy analogy has lead to
the extension [24] of the \classical" paradigm of LOCC
operations by considering new class of entanglement pro-
cessing called here entanglement enhanced LOCC opera-
tions (EELOCC). In particular, it suggested that entan-
glement can be pumped from one to other system pro-
ducing dierent nonclasical chemical-like type processes.
In fact it allowed to nd a new quantum eect - activa-
tion of bound entanglement that corresponds to chemical
activation process [24]. Similarly, a recently discovered
cathalysis of pure entanglement involves EELOCC opera-
tions [25]. In result the second principle of entanglement
processing (see Introduction) has been generalized [26] to
cover the EELOCC paradigm: By local action, classical
communication and N qubits of quantum communication,
entanglement cannot increase more than N e-bits.
Now, it is interesting in the above context to consider
the problem of information balance in the cases where
systems are in mixed states.
VII. BALANCE OF INFORMATION IN
DISTILLATION PROCESS
So far in our balance analysis the initial state of the
QC system was pure. Let us consider the more general
case. Suppose that initial state of the system S is mixed.
We have not generalized formalism to such case. We
can however perform balance of information in the case
of the distillation process [10] (see in this context [27]).
This task would be, in general, very dicult, because
the almost all known distillation protocols are stochastic.
As one knows, the distillation protocol aims at obtaining
singlet pairs from a large amount of noisy pairs (in mixed
state) by LOCC operations. A convenient form of such a
process would be the following: Alice and Bob start with
n pairs, and after distillation protocol, end up with m
singlet pairs. Such a protocol we shall call deterministic.
Unfortunately, in the stochastic protocols the situation
is more complicated: Alice and Bob get with some prob-
abilities dierent number of output distilled pairs:





! p0; no output singlets
! p1; one output singlet
! p2; two output singlet
...
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Since we must to describe the process in terms of closed
system, we will not see the above probabilities, but only
their amplitudes. As a result, we will have no clear dis-
tinction between the part of the system containing dis-
tilled singlet pairs and the part containing the remaining
states of no useful entanglement.
Consider for example the rst stage of the Bennett et
al. [3] recursive protocol. It involves the folowing steps
 take two two-spin 1/2 pairs, each in input state %
 perform operation XOR⊗XOR
 measure locally the spins of the target pair, and:
{ if the spins agree (probability pa), keep the
source pair
{ if the spins disagree (probability pd), discard
both pairs
After this operation we have the following nal \ensem-
ble"
f(pa; one pair in a new state ~%); (pd; no pairs)g
If we include environment to the description, the events
\no pair" and \one pair in state ~%" will be entangled with
states of measuring apparatuses (and environment) indi-
cating these events. Then we see, that our total system
becomes more and more entangled in a various possible
ways, so that it is rather impossible to perform the bal-
ance of information.
Fortunately, in a recent work Rains [27] showed that
any distillation protocol can be replaced with a deter-
ministic one, achieving the same distillation rate:
%⊗n ! %out ’ j distilledih distilled j ⊗ %rejected
where  distilled is the state of m distilled singlet pairs
while %rejected is the state of the rejected pairs. In this
case the system can be divided into two parts
S = Sdistilled + Srejected (18)
where Sdistilled is disentangled with the rest of universe
Srejected is entangled with M , hence also with environ-
ment R.
This possibility of the clear partition into two systems
is crucial for our purposes. Now the whole balance can
be be preformed in this case as follows. As an input
we have the state % with value of asymptotic entangle-
ment of formation E = EF (%). Because it is mixed we
can take its purication adding come ancilla which would
have the asymptotic entanglement E0 = E + (E0 − E).
Now we can perform the distillation process, having no
access to the ancilla. After the process the state of our
whole system is still separated according to the formula
(18) but now the state Srejected involves the degrees of
freedom of the ancilla. The balance of the information
can now be easily performed taking, in particular, into
account that distillable entanglement ED can be inter-
preted as a useful work (11) Wu (Alice can always tele-
port through state jΨdistilledihΨdistilledj if she wishes).
To make the balance fully consistent one should substract
from both input and output data the additional entan-
glement E0 − E coming from extension of the system to
the pure state. As the input physical work (connected
with optimal distillation protocol) is the same regardless
of the value E0−E and the kind of the ancilla itself, the
whole balance is completely consistent. The input quan-
tities of E,  = (E0 − E) plus Wp as well as the output
ones ED = Wu, , Eout = E(%rejected) = Ebound are de-
picted on gure Fig. 2b. In particular if we deal with BE
states then the corresponding diagram takes the form of
Fig. 2c.
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FIG. 2. The diagram illustrating balance of quantum in-
formation in entanglement distillation process for: (a) pure





Figure 1: The diagram illustrating balance of quantum information in en-
tanglement distillation process for: (a) pure states case, (b) general case, (c)
bound entangled states case.
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